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A B S T R A C T

This paper investigates the robustness of self-synchronizing vibratory screens against driving
torque differences between the rotors. Synchronous solutions of the mechanical system, which
encompasses either a DC motor or an induction motor drive, are first obtained analytically
through the averaging method, together with their linear stability properties. Then, numerical
validation through direct time integrations confirmed the analytical results. The results indicate
that for both motor types, there exists a parameter region, defined in terms of supplied voltages,
where a stable synchronous state and a stable non-synchronous state coexist. The analysis of
the dynamical integrity of the two types of motions revealed that, for both drives, in regions
where synchronized motion is not globally stable, the dynamical integrity of the synchronous
motion is relatively low, posing a risk to reliable operation.

. Introduction

Since the middle of the 20th century, scientists have noticed the inclination of machines driven by two or more eccentric
otors towards self-synchronization [1], which was a known phenomenon ever since Huygens [2] observed it during the anti-
hase synchronization of two pendulum clocks. This means that rotors that are not otherwise connected mechanically, for example
hrough gears, tend to still synchronize their motion through the weak coupling of the machine body. One of the prime examples
f machines showing this phenomenon are linear vibrating screens, which have two unbalanced shafts rotating in the opposite
irection, theoretically creating a translational force excitation on the sieve body. These screens are widely used in various industries
ike mining, mineral processing or agriculture to separate the material to be processed into multiple grades by particle size. Self-
ynchronization is often utilized in these applications to lower manufacturing and servicing costs, since this way no connecting
echanical parts or electronic elements are required to synchronize the rotors and ensure the requisite translational motion of the
achine body, vital for the separation process. However, this holds the risk that, in the case of substandard design or an unforeseen
isturbance, the synchronization of the rotors is not achieved, resulting in unwanted motions on the screen making it impossible to
erform the sieving task. As a consequence, a proper understanding and sufficient knowledge about the boundaries of safe operation
egarding the stability of the synchronous motion, and its robustness against external perturbations, is needed in order to guarantee
hat the vibratory machine’s design parameters will not cause undesirable dynamical behavior.

The first scientist to thoroughly investigate the phenomenon of self-synchronization was Blekhman [1,3,4], who focused on
eveloping a uniform mathematical theory to systematically study synchronism through the application of the Poincaré–Lyapunov
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small-parameter approach, and by deriving an integral criterion from variational principles. Later, the stability condition was
eneralized by Paz and Cole [5] for arbitrary positions of the eccentric rotors using Hamilton’s principle. Finally, Wen et al. [6,7]

developed the integral averaging method to investigate synchronization between two unbalanced rotors in a far-resonant state from
the perspective of driving torque balance, which was improved by Zhao et al. [8,9] by introducing small perturbation parameters.

hese helped simplify the process of the stability analysis for complex systems, which resulted in a number of papers [10–14] using
he aforementioned small parameter averaging method to investigate the stability of eccentric rotor synchronization for two or more
xciters. In these studies, the reliability of the method was also proven by comparing it to numerical analysis and experiments. All
hese features can make the small parameter averaging method a preferred option for analytical investigation of complex mechanical
odels, where the equations of motion are not necessarily simplified.

The papers listed above only examine the local stability of the synchronous regimes [1]. However, since the investigated systems
re mostly nonlinear, the region of the phase space where the desired synchronous motions are attractive can be finite. In other
ords, a stable synchronous state might coexist with other stable, non-synchronized states; in this case, the system can converge to

any of the stable states depending on the initial conditions. The set of initial conditions in the phase space from which the system
converges to a particular solution is called basin of attraction. In general terms, the larger the basin of attraction of a solution, the
more robust is a steady state against external perturbations, a property typically referred to as dynamical integrity [15] or basin
stability [16]. The fact that the basin of attraction can be bounded implicates the need for the study of the synchronizing machine’s
obustness against large perturbations. In this respect, very few studies analyze the robustness of self-synchronizing machinery. Even

bifurcation analyses of these systems, such as those by Wen [6] and Mori et al. [17], are primarily concerned with extending the
parameter ranges within which the synchronous regime remains locally stable, without addressing its robustness against external
perturbations. The work of Kapitaniak et al. [18] examines the basin of attraction of the different types of synchronization achieved
y rotating pendulums on a horizontal beam. However, their analysis considers only variations in the initial angular positions of
he rotors, while keeping key parameters, such as driving torque, identical across the rotors. This last assumption is rarely met in
ndustrial settings. Consequently, a more comprehensive investigation of the dynamical integrity of self-synchronizing machines is
 necessity.

The identification of a steady-state solution’s basin of attraction is not a trivial task. While analytical methods, generally based
on Lyapunov functions, are unfeasible for large dimensional systems [19,20], numerical methods are either computationally very
expensive [21], or have excessive memory requirements, such as for the cell-mapping method [22,23]. Statistical methods based
on Monte Carlo sampling [16] can only slightly reduce the computational cost. Additionally, in order to quantify the dynamical
integrity of a system, a so-called dynamical integrity measure should be used, which is a scalar quantification of the dynamical
ntegrity of a system based on the shape and extent of its basin of attraction [15,24,25]. Considering this scenario, in this paper, we

use the algorithm proposed by Habib [26], which calculates the local integrity measure (LIM) by iteratively identifying smaller and
smaller upper estimates of its real value, bypassing the computation of the basin of attraction. The LIM is defined as the smallest
istance between the studied solution and the boundary of its basin of attraction [25]. The used algorithm significantly reduces

computational time by exploiting a subdivision of the phase space in cells, which resembles the cell mapping method. The method,
initially utilizable only for equilibria, was first extended to time delayed systems in [27], and then generalized to periodic solutions
f autonomous and non-autonomous systems in [28]. Since the synchronous motion of a vibrating screener is periodic in nature [3],

the dynamical integrity analysis was performed using the algorithm in [28].
This work aims to investigate the robustness of self-synchronizing vibrating screens against driving torque differences between the

rotors. This can be a main limiting factor for synchronization [6], making it a critical aspect, as in real applications driving motors
lways have differences, which are enhanced during usage because of deterioration of parts and their substitution. In practice,

often one of the motors is entirely substituted during the lifespan of the machine, leading to significant differences between them.
onsidering the large forces involved, non-synchronized motions typically lead to unpredictable behavior, which might compromise
he integrity and safety of the machine, together with the surrounding workspace, and lead to the destruction of the apparatus.
his makes the present research particularly relevant for industrial applications. The analysis not only investigates the stability
f synchronized motions against differences of the driving torques, but also examines their dynamical integrity, in order to fully
nderstand the practical reliability of stable solutions. To provide a broad view of the practical implication of the study, both direct
urrent (DC) and induction motors are considered in the analysis.

The remaining part of the paper is organized as follows. In Section 2, the equations governing the dynamics of the mechanical
model are derived, both for the DC and for the induction motors. Exploiting the small parameter averaging method of Zhao
et al. [8,9], the stability of synchronized motions is investigated in Section 3 concerning variations of the voltage difference between
the motors. The stability analysis is then validated numerically. Finally, exploiting the DynIn toolbox and the related algorithms
developed in [26,28], the dynamical integrity of the stable solutions is investigated in Section 4. A brief discussion about the obtained
results, their practical implications, and the limitations of the method are discussed in the concluding section.

2. Mechanical model

In an effort to capture the operational characteristic of a self-synchronizing vibrating screen, a simplified mechanical model is
presented in Fig. 1. We consider a vibrating screen having the rotors’ axes perpendicular to the motion of the material on the sieve,
with rotors rotating in opposite directions. A planar model is sufficient to describe the system’s dynamics.

The machine body is modeled as a rigid body with mass 𝑀 and rotational inertia 𝐽 around the 𝑧-axis. The unbalanced rotors are
taken into account as concentrated masses 𝑚 and 𝑚 with eccentricity 𝑒 and 𝑒 , respectively. Both of them are driven by electric
1 2 1 2

2 
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Fig. 1. Mechanical model of the self-synchronizing system.

motors, which are modeled through their driving torques. In addition, the rigid machine body is connected to the foundation through
supporting springs with stiffnesses 𝑘𝑥A, 𝑘𝑥B, 𝑘𝑦A, and 𝑘𝑦B, and damping coefficients 𝑐𝑥A, 𝑐𝑥B, 𝑐𝑦A, and 𝑐𝑦B. The distance between the
center of mass 𝐆 of the vibrating body and the supporting springs are defined by 𝑎, 𝑏, and 𝑐, and the inclination angle of the machine
at rest is 𝛼, as illustrated in Fig. 1. The placement of the eccentric rotors is identified by their polar coordinates from the center of
mass, i.e., 𝑟1, 𝑟2, 𝛽1, and 𝛽2.

The differential equations governing the dynamics of the system are derived through the Lagrangian equation of the second kind,
for which generalized coordinates are needed. They are chosen as the displacement of the center of mass 𝐆 in 𝑥- and 𝑦-directions,
the swing angle of the machine body 𝜑, and the phase angles of the rotors 𝜗1 and 𝜗2. As a result, we get the following generalized
coordinate vector: 𝐪 = [𝑥, 𝑦, 𝜑, 𝜗1, 𝜗2]𝑇 . Thus, the kinetic energy of the system can be formulated as:

 = 1
2
𝑀

(

𝑥̇2 + 𝑦̇2
)

+ 1
2
𝐽 𝜑̇2 +

2
∑

𝑖=1

1
2
𝑚𝑖𝑣

2
𝑖 , (1)

where 𝑣𝑖 are the velocities of the unbalanced masses, and their squares can be written as:

𝑣2𝑖 =
(

𝑥̇ − 𝑟𝑖𝜑̇ sin(𝛽𝑖 + 𝛼 + 𝜑) ± 𝑒𝑖𝜗̇𝑖 sin 𝜗𝑖
)2 +

(

𝑦̇ + 𝑟𝑖𝜑̇ cos(𝛽𝑖 + 𝛼 + 𝜑) + 𝑒𝑖𝜗̇𝑖 cos 𝜗𝑖
)2 𝑖 =1, 2. (2)

The potential energy of the system  and the dissipation energy function  are constructed in the following way:

 = 1
2
𝑘𝑥𝐴𝑥

2
𝐴 + 1

2
𝑘𝑥𝐵𝑥

2
𝐵 + 1

2
𝑘𝑦𝐴𝑦

2
𝐴 + 1

2
𝑘𝑦𝐵𝑦

2
𝐵 (3)

 = 1
2
𝑐𝑥𝐴𝑥̇

2
𝐴 + 1

2
𝑐𝑥𝐵 𝑥̇

2
𝐵 + 1

2
𝑐𝑦𝐴𝑦̇

2
𝐴 + 1

2
𝑐𝑦𝐵 𝑦̇

2
𝐵 , (4)

where the displacements of the springs and their time derivatives are provided in Appendix A. The Lagrangian equation of the
second kind is expressed according to

d
d𝑡

d
d𝑞̇𝑘

− d
d𝑞𝑘

+ d
d𝑞̇𝑘

+ d
d𝑞𝑘

= 𝑄∗
𝑘 𝑘 = 1 … 5 (5)

from which the equations of motion are derived, as illustrated in Appendix A.
In the equation, the generalized forces are the torques acting on the rotors, i.e., 𝑄∗

4 = 𝑛𝑚𝑇1 and 𝑄∗
5 = 𝑛𝑚𝑇2, where 𝑛𝑚 is the number

of driving motors on one shaft, and 𝑇1 and 𝑇2 are the driving torque of the motors. In this paper, as stated in the introduction, we
consider two exciting motor models, a DC and an induction motor model. In the former case, the driving torque can be expressed
as [17,29]:

𝑇 DC
𝑖 =

𝐾𝑡
𝑅𝑎

𝑈𝑖 −
(

𝐾𝑡𝐾𝐸
𝑅𝑎

+ 𝑐𝑖

)

𝜗̇𝑖, (6)

where 𝐾𝑡, 𝐾𝐸 , and 𝑅𝑎 are the torque constant, voltage constant and the armature resistance, respectively, while 𝑈𝑖 is the voltage
supplied to the motors, and 𝑐𝑖 is the resistance coefficient of viscous friction. Similarly, according to Chapman [30], the model of
an induction motor can be written as:

𝑇 AC
𝑖 = 3

𝜔𝑠
⋅

𝑅𝑟
𝑠𝑖

[

𝑅𝑠

(

𝐿𝑚
)2

+ 𝑅𝑟

]2
+ (𝐿𝑠 + 𝐿𝑟)2

⋅
(

𝐿𝑚
𝐿𝑠 + 𝐿𝑚

)2
⋅ 𝑈2

𝑖 − 𝑐𝑖𝜗̇𝑖, (7)
𝐿𝑠+𝐿𝑚 𝑠𝑖

3 
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Fig. 2. Motor characteristics with the change of the supplied voltage: (a) DC motor described in Table 2. (b) Induction motor with parameters
in Table 3.

where 𝑠𝑖 = (𝜔𝑠 − 𝜗̇𝑖)∕𝜔𝑠 is the slip of the motor, with 𝜔𝑠 synchronous speed. 𝑅𝑠, 𝐿𝑠 and 𝑅𝑟, 𝐿𝑟 are the resistance and inductance for
the stator and the rotor, respectively, while 𝐿𝑚 is the magnetizing reactance. In this case too, 𝑈𝑖 is the supplied voltage and 𝑐𝑖 is the
frictional resistance coefficient. For both types of driving motors, we assume that the motors driving the two rotors are identical.
The motor characteristics of the two drives can be seen in Fig. 2, with the parameters in Tables 2 and 3. The nominal voltage of the

otors are 400 V in both cases, which corresponds to an angular velocity of 𝜔 ≈ 150 rad/s at the working point, yielding a nominal
power of 𝑃 ≈ 19.5 kW. It is important to note that the static torque–speed slopes of the two motor types differ significantly: for the
DC motor drive the slope is d𝑇 DC

𝑖 ∕d𝜗̇𝑖 = −2.99 Nm/rad/s, while for the induction motor drive, it is d𝑇 AC
𝑖 ∕d𝜗̇𝑖 = −46.04 Nm/rad/s.

n practical engineering contexts, however, driving motors are selected based on nominal power and rotational frequency, rather
han static slope. Therefore, this basis for comparison is considered more relevant from an application-oriented perspective.

It is worth mentioning that conventionally induction motors are variable-frequency drives, meaning that the input is a frequency
ignal rather than supplied voltage. However, for the sake of comparison between the two motor classes, also for the induction motor
e considered the voltage as the input variable. It should also be noted that, during workplace accidents, the loss of supplied voltage

an be a leading source of the problem, making the voltage a practical input variable when the safety and robustness of the system is
eing assessed. A good example of a similar incident is the event that led to the discovery of self-synchronization of rotating exciters,
s described in [1]. Furthermore, even if induction motors are a preferable choice for industrial applications, the investigation of

direct current motor drives should not be neglected from an academic viewpoint [17]. This justifies the effort to examine both types
of drives for self-synchronization.

3. Stability analysis

The stability of a mechanical model similar to the one described in Section 2 was already investigated by Peng et al. [12]. In their
paper, they used lumped stiffness and damping terms during the derivation of their model, which encompassed an induction motor
drive with identical unbalanced rotors. They performed analytical calculations on the local stability of the synchronous motion using
the small parameter averaging method of Zhao et al. [8]. Following the computational steps done in their study, the stability chart
f the synchronized motion can be calculated. First, the motion of the screen body and the rotors is separated, and the approximate
teady-state solutions of the machine body in the vertical, horizontal and swing directions are computed from (A.9)–(A.11) in

Appendix A, which can be written in the following form, as functions of the rotors angular velocities and phase angles:

𝑥 =𝑒1𝜇𝑥𝜂1 cos(𝜗1 − 𝛿𝑥) − 𝑒2𝜇𝑥𝜂2 cos(𝜗2 − 𝛿𝑥) (8)

𝑦 =𝑒1𝜇𝑦𝜂1 sin(𝜗1 − 𝛿𝑦) + 𝑒2𝜇𝑦𝜂2 sin(𝜗2 − 𝛿𝑦) (9)

𝜑 =𝑀𝑡
𝑒1𝑟1
𝐽𝑡

𝜇𝜑𝜂1 sin(𝜗1 − 𝛼 − 𝛽1 − 𝛿𝜑) +𝑀𝑡
𝑒2𝑟2
𝐽𝑡

𝜇𝜑𝜂2 sin(𝜗2 + 𝛼 + 𝛽2 − 𝛿𝜑), (10)
4 
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where the dimensionless parameters, with indexes 𝑖 = 1, 2 and 𝑗 = 𝑥, 𝑦, 𝜑 are expressed as:

𝑀𝑡 = 𝑀 +
∑

𝑚𝑖, 𝐽𝑡 = 𝐽 +
∑

𝑚𝑖𝑟
2
𝑖 , 𝜂𝑖 =

𝑚𝑖
𝑀𝑡

,

𝜔𝑛,𝑥 =

√

𝑘𝑥𝐴 + 𝑘𝑥𝐵
𝑀𝑡

, 𝜁𝑥 =
𝑐𝑥𝐴 + 𝑐𝑥𝐵
2
√

𝑀𝑡𝑘𝑥
, 𝜆𝑥 =

𝜔𝑚
𝜔𝑛,𝑥

,

𝜔𝑛,𝑦 =

√

𝑘𝑦𝐴 + 𝑘𝑦𝐵
𝑀𝑡

, 𝜁𝑦 =
𝑐𝑦𝐴 + 𝑐𝑦𝐵
2
√

𝑀𝑡𝑘𝑦
, 𝜆𝑦 =

𝜔𝑚
𝜔𝑛,𝑦

,

𝜔𝑛,𝜑 =

√

𝑎2𝑘𝑦𝐴 + 𝑏2𝑘𝑦𝐵
𝐽𝑡

, 𝜁𝜑 =
𝑎2𝑐𝑦𝐴 + 𝑏2𝑐𝑦𝐵

2
√

𝐽𝑡(𝑎2𝑘𝑦𝐴 + 𝑏2𝑘𝑦𝐵)
, 𝜆𝜑 =

𝜔𝑚
𝜔𝑛,𝜑

,

𝛿𝑗 = ar ct an
(

2𝜁𝑗𝜆𝑗
1 − 𝜆2𝑗

)

, 𝜇𝑗 =
𝜆2𝑗

√

(1 − 𝜆2𝑗 )2 + (2𝜁𝑗𝜆𝑗 )2
,

(11)

Then, the rotational angle of the rotors is assumed to be 𝜗𝑖 = 𝜗 ± 𝜉, where 𝜗 is the average phase angle of the rotors and 2𝜉 is the
hase difference. This way, since the average angular velocity 𝜔𝑚(𝑡) = 𝜗̇(𝑡) is periodic, its mean value can be written as:

𝜔𝑚 = 1
𝑇 ∫

𝑡+𝑇

𝑡
𝜗̇(𝜏)d𝜏 = constant. (12)

After that, we can introduce the time dependent parameters 𝜀1 and 𝜀2, which are the instantaneous variation coefficients in 𝜗̇
and 𝜉̇:

𝜗̇ = (1 + 𝜀1)𝜔𝑚, (13)

𝜉̇ = 𝜀2𝜔𝑚. (14)

Following these definitions, the expressions with these parameters are substituted back into the differential equations of the
rotors, which are Eqs. (A.12) and (A.13) in Appendix A, together with the accelerations and velocities of each coordinate of
the machines body calculated from (8)–(10). The equations of the driving torques (6) and (7) are also added in the form 𝑇𝑖 =
𝑇𝑖0−𝑘𝑖(𝜀1±𝜀2), after which the two differential equations are integrated over one period of the motion: 𝜗 ∈ [0, 2𝜋]. It can be assumed
that the variation of 𝜀1, 𝜀2 and 𝜉 are small and periodic, so they can be replaced by their average values in the equations [8]. This
way, after neglecting the higher order terms, we calculate the sum and difference of the two equations. By adding Equation (14) to
this system of equations, the equation of frequency capture can be obtained:

𝐀𝜺̇ = 𝐁𝜺 + 𝐮, (15)

where 𝜺 = [𝜀1, 𝜀2, 𝜉]𝑇 , while 𝐀, 𝐁, and 𝐮 are shown in Appendix B.
When the system is in a synchronous state, the average variations of the velocities of the mean phase angle and the phase

ifference are assumed to be zeros, and the phase difference to be a constant value: 𝜀1 = 𝜀2 = 0, 𝜉 = 𝜉0 = constant. With these
ssumptions, the synchronization condition can be calculated in the form: |𝑇𝐷| ≤ 𝑇𝑆 , where 𝑇𝐷 is the residual out torque [12]

between the two motors and 𝑇𝑆 is the synchronous torque.

𝑇𝐷 = 𝑇10 − 𝑇20 − (𝑓1 − 𝑓2)𝜔𝑚 −
𝑀𝑡𝜔

2
𝑚

2
(

𝜂21𝑒
2
1𝑊𝑠𝑠1 − 𝜂22𝑒

2
2𝑊𝑠𝑠2

)

(16)

𝑇𝑆 = 𝑀𝑡𝜂1𝜂2𝑒1𝑒2𝜔
2
𝑚𝑊𝑐 𝑠. (17)

Full expressions of the parameters in the above equations are provided in Appendix B. The system in (15) can be linearized around
the 𝜀1 = 𝜀2 = 0, 𝜉 = 𝜉0 point, which allows computing its stability through the Routh–Hurwitz criterion. Using this method, the
stability boundary related to supplied voltage difference for the motors can be rapidly determined for different mean voltages. The
process is the same for both the DC and the induction motor, only the driving torque models need to be changed. With the described
analytical method, the local stability of the synchronous motion can be swiftly computed, which makes it suitable for parametric
studies as well. For example, Fig. 3 illustrates the stability boundary in the plane of the voltage difference 𝑈diff and the mean of
he supplied voltages 𝑈avg for different 𝜃 inclination angles of the excitation (Fig. 1). In other words, while 𝑟1 cos 𝛽1 + 𝑟2 cos 𝛽2 = 0

is always satisfied, the angle

𝜃 = ar ct an
(

𝑟1 sin 𝛽1 − 𝑟2 sin 𝛽2
𝑟1 cos 𝛽1 − 𝑟2 cos 𝛽2

)

(18)

was changed from an initial 𝜃 = 90◦ to 𝜃 = 45◦. The results indicate a reduction of the stable region for reducing angle 𝜃. As the
ain focus of this study is the global stability of synchronous solutions, and because parametric studies have already been done on

ery similar systems [12], the analysis of the system’s local stability in relation to geometric parameters is not further investigated
here.

The local stability of the synchronized state was validated using direct numerical simulations, where, for each 𝑈avg value, the
oltage difference 𝑈 is first increased step-by-step, and then decreased. For each 𝑈 value, a simulation has been run until the
diff avg
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Fig. 3. Boundary of stability for different 𝜃 inclination angles of the excitation: (a) Direct current motor drive. (b) Induction motor drive.
Parameter values are indicated in Tables 1–3.

Table 1
Parameters of the screen body.
𝑚1,2 𝑀 𝑒1,2 𝐽 𝛼 𝑎 𝑏 𝑐

(kg) (kg) (m) (kgm2) (◦) (m) (m) (m)

300 25 000 0.2 60 000 0 2 2 0.3

𝑟1 𝑟2 𝛽1 𝛽2 𝑘𝑥 𝑘𝑦 𝑐𝑥 𝑐𝑦

(m) (m) (◦) (◦) ( k N
mm

) ( k N
mm

) ( k Ns
m

) ( k Ns
m

)

0.25 0.25 180 0 2 5 40 80

Table 2
Parameters of the DC motors.
𝑛𝑚 (-) 2
𝑅𝑎 (Ω) 4.494
𝐾𝑡 (Nm/A) 3.224
𝐾𝐸 (V/rad/s) 4.207
𝑐1,2 (Nms/rad) 1.6

Table 3
Parameters of the induction motors.
𝑛𝑚 (-) 2
𝐿𝑚 (H) 0.03
𝐿𝑠 (H) 0.008
𝐿𝑟 (H) 0.008
𝑅𝑟 (Ω) 0.4
𝑅𝑠 (Ω) 1
𝜔𝑠 (rad/s) 157.08
𝑐1,2 (Nms/rad) 1.6

steady-state condition is reached. The initial conditions for each simulation correspond to the last state of the previous simulation,
in order to provide a sort of continuation thanks to the small 𝑈diff steps.

As shown in Fig. 4, numerical results confirm analytical ones, showing that the synchronous state is stable for large differences
n the supplied voltages. This was obtained during the ‘‘sweep up’’ process, when 𝑈diff was increased from zero until it reached
he stability boundary. However, when the 𝑈diff is decreased during the ‘‘sweep down’’, starting from the initially non-synchronous

state, results illustrated that a non-synchronous quasiperiodic motion exists and is stable down to very small 𝑈diff values. This
indicates that the stable synchronous and non-synchronous motions coexist for a large 𝑈diff range. We note that a non-synchronous
tate implies that the angular velocities do not match, leading to undesired behaviors. It is also worth noting that the simulated
6 
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Fig. 4. Synchronous and non-synchronous angular velocities of the rotors during the step-by-step increase and decrease of the supplied voltage
difference for 𝑈avg = 350 V average voltage value, the former being validated by the analytical results of the averaging method: (a) DC motor
drive. (b) Induction motor drive. Used parameters are indicated in Tables 1–3.

Fig. 5. Example time series data of the synchronous motion of a DC motor driven vibrating screen, with supplied voltages: 𝑈1 = 420 V and
𝑈2 = 380 V. Parameters are provided in Tables 1 and 2. (a) Horizontal displacement. (b) Vertical displacement. (c) Swing angle. (d) Angular
velocities of the rotors.

synchronous angular velocities correspond well to the analytical results. The parameter values of the machine used in the simulations
re provided in Table 1, while the parameter values for both the direct current and induction motors are specified in Tables 2 and

3, respectively. These parameters are defined, so that the motors are similar to the MP160L DC motor [31] and the M3BP 225SMA,
a 4 pole induction motor [32]. Their characteristics can be seen in Fig. 2.

This result implies that, for a certain set of supplied voltage pairs, there exist a stable synchronous solution, like the time series
hown in Fig. 5, while for the same input voltages but with different initial condition the stable solution is a non-synchronous one,
ike the one in Fig. 6. This results in the existence of a range of supplied voltage difference between the driving motors, where the

stability of the synchronous state is limited [29], because there is also a stable non-synchronous solution. It is worth noting that the
motion observed in Fig. 6 resembles a beating response, which, as some publications on self-excited systems have already pointed
out [33,34], might correspond to modal synchronization. However, in the present case, since the system is externally forced by the
riving motors, the beating behavior is due to the excitation of the rotors, and not internal energy exchanges between oscillators.
y applying the same method on a range of supplied voltage values described by their average value and difference, the stability
ap of the vibrating screens can be derived for both exciting motor cases. The stability maps of the system excited by DC motors

nd induction motors can be seen in Fig. 7. The results show the same behavior, where, apart from the areas where the synchronous
regime is globally stable or unstable, there exists a third range, where both a stable synchronous and a stable non-synchronous state
coexist.

The numerical results of the stability chart are validated by analytical calculations done by the use of the small parameter
averaging method as well; however, the analytical method can be applied only to the synchronous motion, while the stable region
7 
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Fig. 6. Example time series data of the non-synchronous motion of a DC motor driven vibrating screen, with supplied voltages: 𝑈1 = 420 V and
𝑈2 = 380 V (same as in Fig. 5 but with different initial conditions). Parameters are provided in Tables 1 and 2. (a) Horizontal displacement. (b)
Vertical displacement. (c) Swing angle. (d) Angular velocities of the rotors.

Fig. 7. Stability maps, with area 1⃝ indicating the supplied voltage range, where the synchronous state is globally stable, in area 3⃝ no stable
ynchronous motion exists, and in area 2⃝ the synchronous and non-synchronous stable motions coexist: (a) DC motor model. (b) Induction
otor model. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

of the non-synchronous state is obtained only numerically. This means that the boundary of the region where the synchronous
motion is globally stable can only be approximated using numerical methods; nonetheless, its existence is evidently visible as shown
in Fig. 8, where it is clear by the behavior of the phase difference that, when the synchronous solution is globally stable, it will
always converge to a constant phase difference with small variance, even if perturbations are large enough to initially create rotor
velocities with substantial difference. In the other case, when it is only locally stable, large enough perturbations will force the
solution to become non-synchronous. As can be seen in Fig. 7, the machine with the DC motor drive has only a small area where
the synchronous regime is globally stable, while the range of supplied voltage pairs where it is only locally stable is far larger than
in the case of an induction motor drive. Additionally, even though for induction motors the locally stable region is smaller than for
he DC motor, the globally stable region of synchronous motion is wider.

Although the difference in the extent of the globally and locally stable range is clear between the DC motors and the induction
otors, in order to evaluate the practical usability of the synchronized motion in the bistable region, its dynamical integrity must

e computed. This will allow the evaluation of the synchronous solution’s robustness against perturbations.
It is also important to emphasize that our decision to compare driving motor types based on equal nominal power rather than

qual static slope is justified, in the context of the averaging method. The synchronization condition is given by: |𝑇 | ≤ 𝑇 , where
𝐷 𝑆

8 
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Fig. 8. Simulation results representing the response of DC motor driven screen, with parameters in Tables 1, 2, and: 𝑈avg = 400 V. (a) System
in the globally stable parameter region: 𝑈diff = 4 V. (b) The synchronous motion is only locally stable: 𝑈diff = 40 V.

𝑇𝐷 is a function of the driving torque difference, while the synchronous torque 𝑇𝑆 only depends on the angular velocity of the
system and the parameters of the screen, as defined in (16)–(17). This formulation implies that the more the torques of the motors
depend on the supplied voltage, the smaller the stable region of the synchronous motion will be [8], since the torque difference

ill increase faster with the voltage difference. The dependence of motor torque on supply voltage can be expressed as:

d𝑇 DC
𝑖

d𝑈𝑖
=

𝐾𝑡
𝑅𝑎

(19)

d𝑇 AC
𝑖

d𝑈𝑖
=

6𝐿2
𝑚𝑅𝑟𝑈𝑖

(𝐿𝑚 + 𝐿𝑠)2(𝜔𝑠 − 𝜗̇𝑖)
(

(

𝐿2
𝑚𝑅𝑠

(𝐿𝑚+𝐿𝑠)2
+ 𝑅𝑟𝜔𝑠

𝜔𝑠−𝜗̇𝑖

)2
+ (𝐿𝑟 + 𝐿𝑠)2

)
(20)

For the parameter sets listed in Tables 2 and 3, these values are d𝑇 DC
𝑖 ∕d𝑈𝑖 = 1.434 Nm/V for the DC motor drive and

𝑇 AC
𝑖 ∕d𝑈𝑖 = 1.864 Nm/V for the induction motor drive, indicating that they are comparable with respect to dynamical integrity.

onversely, if the DC motor parameters are artificially adjusted such that its static torque–speed slope matches that of the induction
otor, the voltage sensitivity becomes d𝑇 DC

𝑖 ∕d𝑈𝑖 = 9.118 Nm/V, which renders the two drives incomparable in terms of robustness
n the bistable region.

When the system operates in the synchronized regime, the rotor angular velocities remain close to the designated operating
point, where the use of the static torque–speed characteristic is valid, thus this interpretation for the variation of the stability
boundary works. In contrast, during non-synchronous motion, when the rotors rotate at differing angular velocities, the system
deviates significantly from the operating point. As a result, the static characteristic becomes an inadequate representation of the
motors’ behavior in this regime. Consequently, the differences observed in the stability boundaries of the non-synchronous state
between the two motor types cannot be fully explained using this framework alone, which is another reason why robustness analysis
in the bistable region is crucial for a more comprehensive understanding of the system’s behavior.

4. Dynamical integrity calculation

In the effort of approximating the robustness of the system with respect to external perturbations, it is essential to assess the
dynamical integrity of the synchronous regimes within the bistable region (orange regions, marked with 2⃝ in Fig. 7). Conversely,
in the parameter space where the synchronous motion is unstable (red regions, 3⃝ in the figure), the dynamical integrity is reduced
o zero because of the instability, while in the globally stable region (green regions, 1⃝), the dynamical integrity is theoretically
nfinite (unless other undetected solutions exist). The foundation of the algorithm employed for the dynamical integrity analysis
as originally proposed by Habib in [26]; while the specific approach applied in this study to analyze the dynamical integrity of
eriodic solutions—such as the synchronized motion of the vibrating screen—was developed by Patko and Habib in [28].

The utilized iterative method relies on direct numerical simulations and the characterization of each trajectory as converged
o or diverged from the desired periodic solution, where each simulation corresponds to an iteration step. The computation
rocess involves discretizing the phase space into a finite number of cells, each corresponding to a state entity, used for trajectory

classification. Specifically, if a trajectory reaches the desired periodic orbit, the corresponding cell and any other cells it traverses
are designated as converging cells, whereas those leading to divergence are classified as diverging cells. This classification scheme
enables rapid exploration of the phase space, as once a trajectory intersects a previously classified cell, its behavior can be inferred
without further computation. Each time a diverging trajectory is encountered, the LIM is computed as the minimal distance
between the synchronized motion and the diverging trajectory. The LIM value is updated if the newly calculated value is smaller
than the one computed at previous iterations. The selection of the initial conditions of each trajectory is based on a bisection
9 
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Fig. 9. Process of the LIM calculation: (a) The phase difference and its velocity is shown from the phase space. (b) Trend of the LIM value. (For
interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

scheme, which initially relies on random guesses. This process aims at identifying trajectories as close as possible to the basin of
ttraction boundaries, which are the most informative with respect to the solution’s dynamical integrity. Since the phase space is not
ntirely investigated, the computed LIM value is an overestimation of the real one. However, this trade-off is necessary to maintain
omputational efficiency.

Implementation of the method requires the specification of several parameters, including the boundaries of the investigated
egion in phase space, the number of iterations, and the number of discretized cells along each coordinate axis. An initial estimate
or a point of the target solution is then provided, enabling the algorithm to compute the corresponding periodic orbit. Subsequently,
he iterative procedure is initiated.

In our investigation, the desired solution is the synchronized motion of the vibrating screen, which we have already numerically
calculated in Section 3, during the stability assessment for each supplied voltage pair. The LIM computing algorithm employed 100
teration steps for each voltage pair. The phase space was discretized in 1501 cells along each dimension of the system. Given that

the simulated system derived from the mechanical model is 10 dimensional, this results in a total of 150110 cells. We remark that
the algorithm does not require to investigate all cells, otherwise memory requirements would make the computation unfeasible.
Weight coefficients were also introduced for the calculation of the distance in the phase space to balance out the differences of the
coordinate. This is an essential step for the definition of the Euclidean distance in the anisotropic phase space of the system, which
encompasses angles, distances, and their time derivatives. A thorough discussion on the topic is available in [26].

To enable meaningful comparisons between numerical simulations and analytical approximations derived via the small-parameter
averaging method, the two phase angle coordinates of the rotors, 𝜗1 and 𝜗2, are reformulated in the numerical simulations as 𝜗,
representing the average phase angle of the rotors, and 2𝜉, denoting the phase difference between them. Their corresponding time
derivatives are denoted by 𝜔𝜗 and 𝜔𝜉 , respectively, to clearly indicate their physical interpretation as the mean angular velocity
and the angular velocity difference of the rotors.

The results of the dynamical integrity analysis for an illustrative case is depicted in Fig. 9, where the projected periodic orbit is
represented by green dots. However, since in this section of the phase space the periodic solution is much smaller than the basin
of attraction, it appears as a single dot. The black line marks the so-called hypersphere of convergence, which is a hypersphere
with a radius equal to the computed LIM value, centered at the closest point of the periodic solution to any diverging trajectory.
The black crosses indicate the initial conditions of the performed simulations, while the magenta + marks the closest point of the
diverging trajectory to the desired solution, from which the final LIM is calculated. The blue dots and orange circles indicate points
of converging and diverging trajectories, respectively, mapped to the [−𝜋 , 𝜋] phase difference interval. We note that points in Fig. 9a
re projected on the 2-dimensional space from the original 10-dimensional space, except for the hypersphere of convergence, for

which a section is represented. Accordingly, the magenta + does not lie exactly on the hypersphere of convergence, and the orange
dots might appear within the hypersphere. Fig. 9b displays the evolution of the LIM value as the iteration progresses. After only
 few iterations (9 in this case), the algorithm already provides a good estimate of the LIM value, which is then refined in the
ubsequent ones. This implies that, if only a rough estimate of the LIM is required, a few iteration steps are generally enough.

Since the analysis is restricted to a finite portion of the phase space, indicated in Table 4, there exists an upper bound for the LIM.
his upper limit is determined by the distance between the boundary of the examined phase space region and the periodic solution.
onsequently, even in cases where the system exhibits global stability, the obtained estimate of the LIM remains finite. In this study,
he maximum attainable value is approximately 9. It is important, however, to point out the fact that interpreting the LIM value
n itself is not easy, because its value is inherently dependent on several factors. These include the extent of the observed phase
pace region, the weight coefficients utilized in the computation of distances and the coordinates used in the governing equations.
evertheless, if we take into account this upper limit value and 0, which corresponds to the loss of stability, we can approximately
10 
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Table 4
Boundaries of the investigated phase space during the robustness calculations.
𝑥 𝑥̇ 𝑦 𝑦̇ 𝜑 𝜑̇ 𝜗 𝜗̇ 𝜉 𝜉̇

(m) ( m
s ) (m) ( m

s ) (rad) ( rad
s ) (rad) ( rad

s ) (rad) ( rad
s )

±0.1 ±5 ±0.1 ±5 ±0.5 ±5 ±2𝜋 𝜔𝑚± 20 ±2𝜋 ±20

Fig. 10. The LIM values for different supplied voltage pairs in the case of vibrating screens excited by: (a) DC motors. (b) Induction motors.

define robust/safe regions. To ensure that this definition of a safe region is realistic, the boundaries of the phase space must be
chosen in a way that the values outside it should not have to be considered from a practical perspective. Indeed, the LIM’s trend in
the parameter space is much more informative than its value for a specific condition, as the trend provides a clear understanding
of the effect of parameter values’ variations on the robustness, a critical parameter for safe engineering design.

The results of the robustness analysis are visualized by mapping the LIM values onto the stability diagrams of the systems
excited by the DC and induction motors, as shown in Fig. 10. Additionally, Fig. 11 presents cross-sections of the robustness diagram,
illustrating the decline in the LIM as the supplied voltage difference increases, for fixed average voltage values. As observed, the
self-synchronizing vibrating screen driven by DC motors exhibits an extensive region, in which the synchronous motion is only locally
stable. Moreover, increasing the supplied voltage differences, as soon as the system enters the bistable region, the LIM value very
rapidly decreases. This finding implies that operating within this region should be avoided, as even minor perturbations may lead to
undesired dynamical phenomena. Even when applying a LIM threshold of 4 as a criterion for robustness—interpreted as requiring
close to half of the investigated phase space to remain stable—the resulting region for the DC motor-driven system’s diagram is
still significantly smaller than the globally stable region available for the system driven by induction motors. This further reinforces
the advantage of induction motor drives in ensuring stable and reliable operation under varying external conditions. It should be
emphasized that, although the globally stable region is larger for systems driven by induction motors, the bistable region remains
unsuitable for long-term operation due to the rapid decline of the LIM. Overall, large torque differences should be avoided in case of
DC motor drives, to prevent operations in the bistable region, where external perturbations could induce non-synchronous behavior.
In contrast, systems driven by induction motors exhibit larger robustness, and even significant supplied voltage differences can still
provide synchronous motion with reliable stability.

In order to illustrate the relation between the calculated LIM values and the actual size of the basin of attraction it is intended to
characterize, we computed the basin of attraction for the synchronous motion for some specific cases using the traditional method.
This involves superimposing a grid over the phase space and initiating simulations from each grid cell. The resulting trajectories
were subsequently classified individually as either convergent or divergent. For obvious computational time and memory constraints,
only a two-dimensional sections of the 10-dimensional basin of attraction were computed. Variations of initial conditions involved
the phase difference and angular velocity difference between the rotors, while the other initial conditions values remained zero at
all time. The obtained sections of the basins of attraction are illustrated in Fig. 12.

The procedure was completed for both types of drives for an average supplied voltage value of 𝑈avg = 400 V, and for two different
voltage difference values: 𝑈 = 40 V and 𝑈 = 200 V. Planar sections of the periodic orbits representing the desired synchronous
diff diff
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Fig. 11. Variations of the LIM with the increase of supplied voltage difference for different average voltage values: (a) DC motor drive. (b)
Induction motors drive.

Fig. 12. Basins of attraction of the synchronous motion in case of average supplied voltage 𝑈avg = 400 V for: (a) DC motor drive with voltage
difference of 𝑈diff = 40 V. (b) Induction motor drive with voltage difference of 𝑈diff = 40 V. (c) DC motor drive with voltage difference of
𝑈diff = 200 V. (d) Induction motor drive with voltage difference of 𝑈diff = 200 V.

solution and of the hypersphere of convergence derived from the LIM were also added to the figures. As the voltage difference
increases, a clear reduction in the area of the basin of attraction is observed for both motor types, which was expected considering
the trend of the LIM. In the figures, the solutions with the phase differences offset by 2𝜋 are treated as distinct attractive periodic
orbits; however, from an engineering standpoint, they represent the same steady-state behavior differing only in their transient
characteristics. From this perspective, the existence of the globally stable region is clearly observable for the induction motor drive
with 𝑈 = 40 V voltage difference, as all initial conditions converge to a synchronous periodic orbit under these conditions. The fact
diff
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that the hypersphere of convergence section is very close to the basin of attraction boundary suggests that the algorithm provides a
good approximation of the LIM. Additionally, the fact that, in some cases, the hypersphere of convergence slightly exceeds the actual
ize of the basin of attraction demonstrates that the computed LIM is an upper estimate of its actual value. It also shows that the
ypersphere does not uniformly cover the basin of attraction; however, since the change in their sizes happens in a similar manner,
ith the calculation of the hypersphere the development of the basin’s extent can be tracked sufficiently. In this case, the boundary
f the basin of attraction is not far from the hypersphere’s perimeter, making the computation of the local integrity measure a
ood approach to approximate the basin’s size from an engineering standpoint. As a final comment, we note that, although the
omputation of the whole basin of attraction provides much more information regarding the system’s robustness, computing the
0-dimensional basin of attraction is computationally unfeasible for the system under study, and even obtaining a single section is
everal order of magnitude more expensive than computing the LIM. Accordingly, a direct analysis of the basin of attraction does
ot allow to perform a parametric analysis as the one in Fig. 10.

5. Conclusion

In this paper, a mathematical model was developed for the dynamics of a self-synchronizing vibratory screen with two unbalanced
mass exciters driven by two different motors types. Based on the mechanical models for DC motor and induction motor drives, their
stability diagrams were analytically computed using the averaging method; direct numerical simulations confirmed the analytical
results with remarkable accuracy. The analysis revealed, that for both motor types, there exists a bistable parameter region, defined
in terms of supplied voltages, where a stable synchronous state and a stable non-synchronous state coexist. Although the DC motor
leads to a larger stable region for synchronous motion, making it appear to be the more convenient choice, the bistable region is
notably smaller for the induction motor drive, which enhances its safety.

Since the synchronous motion is only locally stable in the bistable region, its robustness against external perturbations was
valuated using the DynIn toolbox [26,28] to directly estimate the local integrity measure of the periodic synchronous solution.
he results indicate, that in regions where synchronized motion is not globally stable, the dynamical integrity decreases very rapidly,

posing a risk to reliable operation for both motor types. However, the induction motor-driven system exhibits a significantly larger
globally stable region for synchronous operation, making it a preferable choice from this aspect of the operation.

Overall, this study highlights the importance of evaluating the dynamical integrity of synchronous motions as a complement to
stability analysis. Although stability analysis suggests that the DC motor provides a larger stable region for synchronous motion than
the induction motor, the dynamical integrity analysis reveals that a large part of this stable region is unsafe for real applications
because of its very low dynamical integrity. Accordingly, despite the stability analysis results, the induction motor drive remains
he preferred choice for ensuring robust and stable operation of the vibratory screen.
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Appendix A. Mechanical model

Displacements of the springs and their time derivatives:

𝑥𝐴 =𝑥 − 𝑎 cos(𝛼 + 𝜑) + 𝑐 sin(𝛼 + 𝜑) + 𝑎 cos 𝛼 − 𝑐 sin 𝛼 (A.1)

𝑥𝐵 =𝑥 + 𝑏 cos(𝛼 + 𝜑) − 𝑐 sin(𝛼 + 𝜑) − 𝑏 cos 𝛼 − 𝑐 sin 𝛼 (A.2)

𝑦𝐴 =𝑦 − 𝑎 sin(𝛼 + 𝜑) − 𝑐 cos(𝛼 + 𝜑) + 𝑐 cos 𝛼 + 𝑎 sin 𝛼 (A.3)

𝑦𝐵 =𝑦 + 𝑏 sin(𝛼 + 𝜑) − 𝑐 cos(𝛼 + 𝜑) + 𝑐 cos 𝛼 − 𝑏 sin 𝛼 (A.4)

𝑥̇𝐴 =𝑥̇ + 𝜑̇ [𝑐 cos(𝛼 + 𝜑) + 𝑎 sin(𝛼 + 𝜑)] (A.5)

𝑥̇𝐵 =𝑥̇ + 𝜑̇ [𝑐 cos(𝛼 + 𝜑) − 𝑏 sin(𝛼 + 𝜑)] (A.6)

𝑦̇𝐴 =𝑦̇ + 𝜑̇ [𝑐 sin(𝛼 + 𝜑) − 𝑎 cos(𝛼 + 𝜑)] (A.7)

𝑦̇𝐵 =𝑦̇ + 𝜑̇ [𝑐 sin(𝛼 + 𝜑) + 𝑏 cos(𝛼 + 𝜑)] (A.8)

Equations of motion:

(𝑀 + 𝑚1 + 𝑚2)𝑥̈ + (𝑐𝑥𝐴 + 𝑐𝑥𝐵)𝑥̇ + (𝑘𝑥𝐴 + 𝑘𝑥𝐵)𝑥
+

[

𝑐(𝑐𝑥𝐴 + 𝑐𝑥𝐵) cos(𝛼 + 𝜑) + 𝑎𝑐𝑥𝐴 sin(𝛼 + 𝜑) + 𝑏𝑐𝑥𝐵 sin(𝛼 + 𝜑)
]

𝜑̇
+ (𝑏𝑘𝑥𝐵 − 𝑎𝑘𝑥𝐴) cos(𝛼 + 𝜑) + 𝑐(𝑘𝑥𝐴 + 𝑘𝑥𝐵) sin(𝛼 + 𝜑)
+ (𝑎𝑘𝑥𝐴 − 𝑏𝑘𝑥𝐵) cos(𝛼) + 𝑐(𝑘𝑥𝐴 + 𝑘𝑥𝐵) sin(𝛼) =
= 𝑚1𝑟1𝜑̇2 cos(𝛼 + 𝛽1 + 𝜑) + 𝑚2𝑟2𝜑̇2 cos(𝛼 + 𝛽2 + 𝜑)
+𝑚1𝑟1𝜑̈ sin(𝛼 + 𝛽1 + 𝜑) + 𝑚2𝑟2𝜑̈ sin(𝛼 + 𝛽2 + 𝜑)
+ 𝑒1𝑚1 cos(𝜗1)𝜗̇1

2 − 𝑒2𝑚2 cos(𝜗2)𝜗̇2
2

+ 𝑒1𝑚1 sin(𝜗1)𝜗1 − 𝑒2𝑚2 sin(𝜗2)𝜗2

(A.9)

(𝑀 + 𝑚1 + 𝑚2)𝑦̈ + (𝑐𝑦𝐴 + 𝑐𝑦𝐵)𝑦̇ + (𝑘𝑦𝐴 + 𝑘𝑦𝐵)𝑦
+

[

𝑐(𝑐𝑦𝐴 + 𝑐𝑦𝐵) sin(𝛼 + 𝜑) − 𝑎𝑐𝑦𝐴 cos(𝛼 + 𝜑) + 𝑏𝑐𝑦𝐵 cos(𝛼 + 𝜑)
]

𝜑̇
+ (𝑏𝑘𝑦𝐵 − 𝑎𝑘𝑦𝐴) sin(𝛼 + 𝜑) − 𝑐(𝑘𝑦𝐴 + 𝑘𝑦𝐵) cos(𝛼 + 𝜑)
+ (𝑎𝑘𝑦𝐴 − 𝑏𝑘𝑦𝐵) sin(𝛼) + 𝑐(𝑘𝑦𝐴 + 𝑘𝑦𝐵) cos(𝛼) =
= 𝑚1𝑟1𝜑̇2 sin(𝛼 + 𝛽1 + 𝜑) + 𝑚2𝑟2𝜑̇2 sin(𝛼 + 𝛽2 + 𝜑)
−𝑚1𝑟1𝜑̈ cos(𝛼 + 𝛽1 + 𝜑) − 𝑚2𝑟2𝜑̈ cos(𝛼 + 𝛽2 + 𝜑)
+ (𝑀 + 𝑚1 + 𝑚2)𝑔 + 𝑒1𝑚1 sin(𝜗1)𝜗̇1

2 + 𝑒2𝑚2 sin(𝜗2)𝜗̇2
2

− 𝑒1𝑚1 cos(𝜗1)𝜗1 − 𝑒2𝑚2 cos(𝜗2)𝜗2

(A.10)

(𝐽 + 𝑚1𝑟21 + 𝑚2𝑟22)𝜑̈ +
{

𝑐𝑥𝐴(𝑐 cos(𝛼 + 𝜑) + 𝑎 sin(𝛼 + 𝜑))2

+ 𝑐𝑥𝐵(𝑐 cos(𝛼 + 𝜑) − 𝑏 sin(𝛼 + 𝜑))2 + 𝑐𝑦𝐴(𝑎 cos(𝛼 + 𝜑)
− 𝑐 sin(𝛼 + 𝜑))2 + 𝑐𝑦𝐵(𝑏 cos(𝛼 + 𝜑) + 𝑐 sin(𝛼 + 𝜑))2

+
[

𝑐𝑥𝐴(𝑐 cos(𝛼 + 𝜑) + 𝑎 sin(𝛼 + 𝜑)) + 𝑐𝑥𝐵(𝑐 cos(𝛼 + 𝜑))
−𝑐𝑥𝐵(𝑏 sin(𝛼 + 𝜑))

]

𝑥̇ +
[

−𝑐𝑦𝐴(𝑎 cos(𝛼 + 𝜑) − 𝑐 sin(𝛼 + 𝜑))
+𝑐𝑦𝐵(𝑏 cos(𝛼 + 𝜑) + 𝑐 sin(𝛼 + 𝜑))

]

𝑦̇
}

𝜑̇
+ 𝑘𝑥𝐴(𝑐 cos(𝛼 + 𝜑) − 𝑏 sin(𝛼 + 𝜑))(𝑐 sin(𝛼 + 𝜑) − 𝑎 cos(𝛼 + 𝜑))
+ 𝑘𝑥𝐴(𝑐 cos(𝛼 + 𝜑) − 𝑏 sin(𝛼 + 𝜑))(𝑎 cos(𝛼) − 𝑐 sin(𝛼))
+ 𝑘𝑥𝐵(𝑐 cos(𝛼 + 𝜑) + 𝑎 sin(𝛼 + 𝜑))(𝑐 sin(𝛼 + 𝜑) + 𝑏 cos(𝛼 + 𝜑))
− 𝑘𝑥𝐵(𝑐 cos(𝛼 + 𝜑) + 𝑎 sin(𝛼 + 𝜑))(𝑏 cos(𝛼) + 𝑐 sin(𝛼))
+ 𝑘𝑦𝐴(𝑎 cos(𝛼 + 𝜑) − 𝑐 sin(𝛼 + 𝜑))(𝑎 sin(𝛼 + 𝜑) + 𝑐 cos(𝛼 + 𝜑))
− 𝑘𝑦𝐴(𝑎 cos(𝛼 + 𝜑) − 𝑐 sin(𝛼 + 𝜑))(𝑐 cos(𝛼) + 𝑎 sin(𝛼))
+ 𝑘𝑦𝐵(𝑏 cos(𝛼 + 𝜑) + 𝑐 sin(𝛼 + 𝜑))(𝑏 sin(𝛼 + 𝜑) − 𝑐 cos(𝛼 + 𝜑))
+ 𝑘𝑦𝐵(𝑏 cos(𝛼 + 𝜑) + 𝑐 sin(𝛼 + 𝜑))(𝑐 cos(𝛼) − 𝑏 sin(𝛼))
+

[

(𝑘𝑥𝐴 + 𝑘𝑥𝐵)𝑐 cos(𝛼 + 𝜑) + (𝑘𝑥𝐴𝑎 − 𝑘𝑥𝐵𝑏) sin(𝛼 + 𝜑)
]

𝑥
+

[

(𝑘𝑦𝐴 + 𝑘𝑦𝐵)𝑐 sin(𝛼 + 𝜑) − (𝑘𝑦𝐴𝑎 − 𝑘𝑦𝐵𝑏) cos(𝛼 + 𝜑)
]

𝑦 =
= (𝑚1𝑟1 sin(𝛼 + 𝛽1 + 𝜑) + 𝑚2𝑟2 sin(𝛼 + 𝛽2 + 𝜑))𝑥̈
− (𝑚1𝑟1 cos(𝛼 + 𝛽1 + 𝜑) + 𝑚2𝑟2 cos(𝛼 + 𝛽2 + 𝜑))𝑦̈
− 𝑒1𝑚1𝑟1

[

sin(𝛼 + 𝛽1 + 𝜑 − 𝜗1)𝜗̇1
2 + cos(𝛼 + 𝛽1 + 𝜑 − 𝜗1)𝜗1

]

+ 𝑒2𝑚2𝑟2
[

sin(𝛼 + 𝛽2 + 𝜑 + 𝜗2)𝜗̇2
2 − cos(𝛼 + 𝛽2 + 𝜑 + 𝜗2)𝜗2

]

(A.11)

𝑚1𝑒21𝜗1 − 𝑚1𝑒1 sin(𝜗1)𝑥̈ + 𝑚1𝑒1𝑟1 cos(𝛼 + 𝛽1 + 𝜑 − 𝜗1)𝜑̈
+𝑚1𝑒1 cos(𝜗1)𝑦̈ − 𝑚1𝑒1𝑟1 sin(𝛼 + 𝛽1 + 𝜑 − 𝜗1)𝜑̇2 = 𝑇1

(A.12)

𝑚2𝑒22𝜗2 − 𝑚2𝑒2 sin(𝜗2)𝑥̈ + 𝑚2𝑒2𝑟2 cos(𝛼 + 𝛽2 + 𝜑 − 𝜗2)𝜑̈
+𝑚 𝑒 cos(𝜗 )𝑦̈ − 𝑚 𝑒 𝑟 sin(𝛼 + 𝛽 + 𝜑 − 𝜗 )𝜑̇2 = 𝑇

(A.13)

2 2 2 2 2 2 2 2 2

14 
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Appendix B. Parameters in Eq. (15)

𝐀 =
⎡

⎢

⎢

⎣

𝑎11 𝑎12 0
𝑎21 𝑎22 0
0 0 1

⎤

⎥

⎥

⎦

,𝐁 =
⎡

⎢

⎢

⎣

𝑏11 𝑏12 0
𝑏21 𝑏22 0
0 𝜔𝑚 0

⎤

⎥

⎥

⎦

, 𝜺 =
⎡

⎢

⎢

⎣

𝜀1
𝜀2
𝜉

⎤

⎥

⎥

⎦

,𝐮 =
⎡

⎢

⎢

⎣

𝑢1
𝑢2
0

⎤

⎥

⎥

⎦

𝑎11 =𝜂1𝑒21 + 𝜂2𝑒
2
2 +

1
2
[

𝜂21𝑒
2
1𝑊𝑐 𝑠1 + 𝜂22𝑒

2
2𝑊𝑐 𝑠2

]

− 𝜂1𝜂2𝑒1𝑒2(𝑎𝑐 𝑠 cos(2𝜉) + 𝑏𝑐 𝑠 sin(2𝜉))
𝑎12 =𝜂1𝑒21 − 𝜂2𝑒

2
2 +

1
2
[

𝜂21𝑒
2
1𝑊𝑐 𝑠1 − 𝜂22𝑒

2
2𝑊𝑐 𝑠2

]

− 𝜂1𝜂2𝑒1𝑒2(𝑎𝑠𝑠 sin(2𝜉) + 𝑏𝑠𝑠 cos(2𝜉))

𝑎21 =𝜂1𝑒21 − 𝜂2𝑒
2
2 +

1
2
[

𝜂21𝑒
2
1𝑊𝑐 𝑠1 − 𝜂22𝑒

2
2𝑊𝑐 𝑠2

]

+ 𝜂1𝜂2𝑒1𝑒2(𝑎𝑠𝑠 sin(2𝜉) + 𝑏𝑠𝑠 cos(2𝜉))

𝑎22 =𝜂1𝑒21 + 𝜂2𝑒
2
2 +

1
2
[

𝜂21𝑒
2
1𝑊𝑐 𝑠1 + 𝜂22𝑒

2
2𝑊𝑐 𝑠2

]

+ 2𝜂1𝜂2𝑒1𝑒2(𝑎𝑐 𝑠 cos(2𝜉) + 𝑏𝑐 𝑠 sin(2𝜉))
𝑏11 = − 𝑓1 + 𝑓2

𝑀𝑡
−

𝑘1 + 𝑘2
𝑀𝑡𝜔𝑚

− 𝜔𝑚
[

𝜂21𝑒
2
1𝑊𝑠𝑠1 + 𝜂22𝑒

2
2𝑊𝑠𝑠2

]

+ 2𝜔𝑚𝜂1𝜂2𝑒1𝑒2(𝑎𝑠𝑠 cos(2𝜉) + 𝑏𝑠𝑠 sin(2𝜉))

𝑏12 = − 𝑓1 − 𝑓2
𝑀𝑡

−
𝑘1 − 𝑘2
𝑀𝑡𝜔𝑚

− 𝜔𝑚
[

𝜂21𝑒
2
1𝑊𝑠𝑠1 − 𝜂22𝑒

2
2𝑊𝑠𝑠2

]

− 2𝜔𝑚𝜂1𝜂2𝑒1𝑒2(𝑎𝑐 𝑠 sin(2𝜉) + 𝑏𝑐 𝑠 cos(2𝜉))
𝑏21 = − 𝑓1 − 𝑓2

𝑀𝑡
−

𝑘1 − 𝑘2
𝑀𝑡𝜔𝑚

− 𝜔𝑚
[

𝜂21𝑒
2
1𝑊𝑠𝑠1 − 𝜂22𝑒

2
2𝑊𝑠𝑠2

]

(B.1)

+ 2𝜂1𝜂2𝑒1𝑒2(𝑎𝑐 𝑠 sin(2𝜉) + 𝑏𝑐 𝑠 cos(2𝜉))
𝑏22 = − 𝑓1 + 𝑓2

𝑀𝑡
−

𝑘1 + 𝑘2
𝑀𝑡𝜔𝑚

− 𝜔𝑚
[

𝜂21𝑒
2
1𝑊𝑠𝑠1 + 𝜂22𝑒

2
2𝑊𝑠𝑠2

]

− 2𝜂1𝜂2𝑒1𝑒2(𝑎𝑠𝑠 cos(2𝜉) + 𝑏𝑠𝑠 sin(2𝜉))

𝑢1 =
𝑇10 + 𝑇20
𝑀𝑡𝜔𝑚

−
𝑓1 + 𝑓2
𝑀𝑡

−
𝜔𝑚
2

[

𝜂21𝑒
2
1𝑊𝑠𝑠1 + 𝜂22𝑒

2
2𝑊𝑠𝑠2

]

+ 𝜔𝑚𝜂1𝜂2𝑒1𝑒2(𝑎𝑠𝑠 cos(2𝜉) + 𝑏𝑠𝑠 sin(2𝜉))

𝑢2 =
𝑇10 − 𝑇20
𝑀𝑡𝜔𝑚

−
𝑓1 − 𝑓2
𝑀𝑡

−
𝜔𝑚
2

[

𝜂21𝑒
2
1𝑊𝑠𝑠1 − 𝜂22𝑒

2
2𝑊𝑠𝑠2

]

− 𝜔𝑚𝜂1𝜂2𝑒1𝑒2(𝑎𝑐 𝑠 sin(2𝜉) + 𝑏𝑐 𝑠 cos(2𝜉))

𝑊𝑐 𝑠1 =𝜇𝑥 cos 𝛿𝑥 + 𝜇𝑦 cos 𝛿𝑦 +
𝑟21
𝑙2𝑒
𝜇𝜑 cos 𝛿𝜑

𝑊𝑠𝑠1 =𝜇𝑥 sin 𝛿𝑥 + 𝜇𝑦 sin 𝛿𝑦 +
𝑟21
𝑙2𝑒
𝜇𝜑 sin 𝛿𝜑

𝑊𝑐 𝑠2 =𝜇𝑥 cos 𝛿𝑥 + 𝜇𝑦 cos 𝛿𝑦 +
𝑟22
𝑙2𝑒
𝜇𝜑 cos 𝛿𝜑

𝑊𝑠𝑠2 =𝜇𝑥 sin 𝛿𝑥 + 𝜇𝑦 sin 𝛿𝑦 +
𝑟22
𝑙2𝑒
𝜇𝜑 sin 𝛿𝜑

𝑎𝑐 𝑠 =𝜇𝑥 cos 𝛿𝑥 − 𝜇𝑦 cos 𝛿𝑦 −
𝑟1𝑟2
𝑙2𝑒

cos(2𝛼 + 𝛽1 + 𝛽2)𝜇𝜑 cos 𝛿𝜑

𝑎𝑠𝑠 =𝜇𝑥 sin 𝛿𝑥 − 𝜇𝑦 sin 𝛿𝑦 −
𝑟1𝑟2
𝑙2𝑒

cos(2𝛼 + 𝛽1 + 𝛽2)𝜇𝜑 sin 𝛿𝜑

𝑏𝑐 𝑠 =
𝑟1𝑟2
𝑙2𝑒

sin(2𝛼 + 𝛽1 + 𝛽2)𝜇𝜑 cos 𝛿𝜑

𝑏𝑠𝑠 =
𝑟1𝑟2
𝑙2𝑒

sin(2𝛼 + 𝛽1 + 𝛽2)𝜇𝜑 sin 𝛿𝜑
15 
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In the case of direct current motors the parameter of the driving torque:

𝑇𝑖0 =
𝑛𝑚𝐾𝑡
𝑅𝑎

𝑈𝑖,𝑘𝑖 = 0,𝑓𝑖 = 𝑛𝑚

(

𝐾𝑡𝐾𝐸
𝑅𝑎

+ 𝑐𝑖

)

,𝑖 = 1, 2 (B.2)

In the case of induction motors the parameter of the driving torque:

𝑇𝑖0 =
3𝑛𝑚
𝜔𝑠

⋅

𝑅𝑟
𝑠𝑖

[

𝑅𝑠

(

𝐿𝑚
𝐿𝑠+𝐿𝑚

)2
+ 𝑅𝑟

𝑠𝑖

]2
+ (𝐿𝑠 + 𝐿𝑟)2

⋅
(

𝐿𝑚
𝐿𝑠 + 𝐿𝑚

)2
⋅ 𝑈2

𝑖

𝑘𝑖 =
𝜔𝑚

𝜔𝑠 − 𝜔𝑚
𝑇𝑖0 −

3𝑛𝑚𝐿2
𝑚𝑅𝑟𝑈2

𝑖

(𝐿𝑚 + 𝐿𝑠)2

[

2𝑅2
𝑟𝜔𝑚

𝑠2𝑖
+

2𝐿2
𝑚𝑅𝑟𝑅𝑠𝜔𝑚

(𝐿𝑚 + 𝐿𝑠)2𝑠𝑖

]

(B.3)

𝑓𝑖 = 𝑐𝑖, 𝑖 = 1, 2

Data availability

No data was used for the research described in the article.
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